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yerson stochastic games with denumerable state space

lergruen

\CT

lhis paper considers non-cooperative N-person stochastic games with a
ible state space and compact metric action spaces. We concentrate upon
serage return per unit time criterion for which the existence of an
ibrium policy is established under a number of recurrency conditions
respect to the transition probability matrices associated with the
snary policies. These results are obtained by establishing the exis-
of total discounted return equilibrium policies, for each discount-
r o € [0,1) and by showing that under each one of the aforementioned
rency conditions, average return equilibrium policies appear as limit
ies of sequences of discounted return equilibrium policies, with dis-—
factor tending to one.

Finally, we review and extend the results that are known for the case

both the state space and the action spaces are finite.

DRDS & PHRASES: non—cooperative stochastic games, denumerable state
space, compact metric action spaces, equilibrium poli-

cies, average and total discounted return criteriun.







NTRODUCTION AND SUMMARY

A huge literature on Markov Decision Problems exists, in which a
le decision maker controls the development of some system. However, in
stochastic control problems arising in various applicatiomns such as
nodelling of economic markets, the description of biological systems
(cf. SOBEL [23]), the system is simultaneously controlled by more'than
lecisionmaker. As a consequence these problems have to be modelled
g stochastic games.

This paper considers non-cooperative N-person stochastic games with a
table state space and compact metric action spaces. We concentrate

the average return per unit time criterion for which both existence
n equilibrium policy and solutions to the optimality equation are es-—
ished, under a number of recurrency conditions with respect to the
sition probability matrices associated with the stationary policies.
These results are obtained by showing that the average return crite-
arises as a (first) sensitive discount optimality criterion. More
ifically we show that under each one of the aforementioned recurrency
itions, average return equilibrium policies appear as limit policies
equences of total discounted return equilibrium policies with discount
or tending to one.

Accordingly, after giving some preliminaries and notation in section
e first establish in sec¢tion 2 the existence of a total discounted
rn equilibrium policy for each discountfactor o ¢ [0,1) (an existing
f in [23] appears to be incorrect).

In section 3, existence of an average return equilibrium policy and a
tion to the optimality equation are established, whereas in section 4,
eview and extend the results that are known for the case where both

state space and the action spaces are finite.

RELIMINARIES AND NOTATION

This paper treats an N-person noncooperative stochastic game specified

he objects S, Al(s), q and r.




. . i .
S is a countable set, and for each i = 1,...,N and s € S, A" (s) is a
>mpact metric space where the set S denotes the state space of some system,
1d A*(s) denotes the set of actions, available to player i, in state s.

We define A as the union of all A'(s) (seS; i=1,...,N) and C as
[.1) C = X. A,

associates with each pair.(s,g) € S x C a probability distribution qs.(é)
1 the elements of S; and r’ is a bounded real-valued function on SxC, for
1 i=1,...,N.

A stochastic game may be considered as a sequence IFEACTERE of non-
yoperative games played by the N players, where s € S indexes the set

a

| s € S} from which Y, (t=1,2,...) is drawn. Note that all the players’

:tions in Y. = S (t=1,2,..., seS) constitute a vector a = [al,,..,aN] €
C(s) where
.2) C(s) = X§=l Al(s), s € S.

len y_ = s i.e. when the system is in state s and the vector a e C(s) de-
ytes all the players' actlons in Yo then the one—step expected reward to
.ayer 1, 1s given by r (s a) and the system moves to state t with proba-
dity qst(g). .

For each s € S, and 1 = 1,...,N let F(A (s)) denote the set of all

.gned measures on B , the Borel subsets of Al(s), endowed with the

i
:ak topology (cf. V%RASARAJAN [27]1, p.16-17). The sets belonging to the .
ise by which this topology is defined satisfy the Hausdorff postulates for
'ighbourhoods, and are in addition locally convex. As a consequence we ob-
tin that F(A (s)) is a linear Hausdorff locally convex topologlcal space.

Let M(A (s)) be the subspace of all probability measures on B 1(5),
.th the induced topology. It then follows from th. 3.4 in [27] that
fAi(s)) can be metrized as a compact convex metric subspace of F(Ai(s))
nce Ai(s) is a compact metric space.

Next we define for each s ¢ S, F(C(s)) =

K, MAN(e)), i= 1,

Note that F(C(s)) is again a linear Hausdorff locally convex topoclogi-

XN__:

ral(s)), and M(C(s)) =

1 space, and that M(C(s)) is again a compact convex metrizable subspace




‘C(s)), s € S. Finally, we observe that M(C(s)) can be identified as
space of all product probability measures on BC(s)’ the product o-field
‘s). Moreover, for any sequence {En}n=l with Boo€ M(C(s)), n = 1,2,...

s>1lows from th. 3.2 in BILLINGSLEY [3] that
) JC(S) r(f_) d Un(i) > JC(S) r(a) d}:[_(a)’ as n > ©

for all real-valued and continuous functions r(+) on C(s)

if and only if B~ u (in the product topology).

se the (abbreviated) notation [Efi,v] for the N-person randomized ac-
[ul,...,ui—l,vgui+l,...,uN] that results from p = [ul,...,uN] when the
player changes from ui tov, the other players continuing to use their
active actions in u. Defining ri(s;g) = EEFi(s;g) and qst(E) =

gst(g) for all u = [ul,...,uN] e M(C(s)), se€ S, i=1,...,N, we obtain

) ri(s;_u_) = fC(s) ri(s;g) du(a) =

[ 1 con J N ri(s;al,...,aN) dul(al)...duN(aN)
A (s) A (s)

) q (E) = JC(S) qst(é) dﬁﬁi) =

1 N 1,1 N, N
[ 1 e [ N qst(a yeeosa ) du (a’)...du (a)
A (s) A (s)
e the second equality in (l1.4) and (!.5) follows from Fubini's theorem.
rve that rl(s;g) and qst(E) are both multilinear in p, i.e. for all

[0,11:

. | . . N . 1 . N
) rl(s;u ,...,AuJ+(l—A)vJ,...,u ) = Arl(s;u ,...,uJ,...,u ) +
i 1 j N
+ (1-12) r (s3u ,...,vJ,...,u )
1 i i N, _ 1 ] N
) G A T L B T Rl

1 ] N
+ (I—X) qst(U "°°avJ"",U )-




sreafter we assume that for each s ¢ §,

[.8) rl(sig) and qst(g) are continuous on C(s), for all 1 = 1,...,N

and t € S.

yserve from (1.3) that (1.8) implies that for each s ¢ S, the one-step ex-
icted rewards and transition probabilities are continuocus on the space of

.1 randomized N players' actions M(C(s)) as well:

.9) rl(s;H) and qst(E) are continuous on M(C(s)) for all i =1,...,N

and t € S.

Let A" = XseSM(Al(s)) be the set of all decision rules for player i,

=1,...,N) i.e. of all functions st mapping each state s into an action

S M(Al(s)) A policy for a player i is a sequence rt (6 (1), st (2),

i
.) of decision rules. Using policy m means that st (n) is employed at

me n; thus if the system is observed in state s at time n, then player i

i()

looses action Gs(n), the s-th component of § (n) We write &% for the

1

ationary policy (st .) for player i.

i . .
As a consequence we let A" represent the class of all stationary poli-

.es for player i as well.

A stationary policy 61( ) e A is said to be pure if in each state

m

. . .o . . i . s e
S it prescribes a specific action in A" (s) with probability one.

Finally, the set of all policies for player i is denoted by Hl, and

= X?:] nt represents the class of all N players' policies, with

X§=] A" the subset of the stationary N players' policies.
We associate with each stationary policy é‘w) € A, the transition

obability matrix P(§8), i.e.
P(8) , = ., (8(s))

th the n—~th power Pn(g) indicating the matrix of n-step transition proba-
lities, i.e. P?(8) = P(8) P* 1 (8), n = 2.

. 1 . i i,
For any policy 7 = [r ,...,WN] € m we define V;(jﬁs) and glgl,s) as




:otal expected a-discounted return, and the long-run average return per

time to player i, when the initial state is s:

E {Z:=Oakrl(sk;§k) l s0=s}; i=1,...,N; s e S; 0saxl

) Vi(g;s) n

I

L. ; g ¢yt g . ). § = .
) g (m3s) lim sup parey w{zk=0r (sk,gk)| sO—s}, i=1,...,N;3 s €8S
t—).oo —_—
: E1T indicates the expectation given the players' common policy m e I

sed and where {s, ;k=0,1,2,...} and {ék;k=0,l,...} denote the stochastic

k;
:sses of the states and actions that result from policy m.

An N-tuple of policies Ef = [w*l,...,ﬂ*N] e I is said to be an a-dis-
sed equilibrium point of policies (a-DEP) if, simultaneously for every

lal state of the system s,

l,...;,Nand 7 € H—l(gf):

) V;(E*3S) > V;(E;s) for all i

3) H—i(ff) = {1 = [ﬂl,...,nN] e I | ﬂj = n*j, j# i}

larly we define If as an average return equilibrium point of policies
), if simultaneously for every initial state s,

1) gl(gf;s) > gl(ﬂ5s) for all i = 1,...,N and 7 € Hvl(ﬂf)‘

*
>, whenever the players choose an a-DEP (AEP) m , none of them, whatever
{nitial state of the system, can increase his own total expected o-dis-

ced return (expected average return per unit time) by changing to some

1

. i x1 .. .
: policy n° # 7 e T, the other players continuing to use their res-

, . . . *
lve policies in T .
Note that we do not consider history-dependent policies, i.e. policies
1 prescribe for each time t, a randomized action in dependence on the
ce history H_ = (s,33,38,5+¢- a i

y He ( 0°20°21° ’St—l’-t—l’st) of the system up to time t,

ar than in dependence on the current state S, alone. The justification

>ur confining ourselves to the class I is provided by [13], who showed




s an adaptation of the corresponding result in DERMAN & STRAUCH [7] that
henever a policy Ef is an o-DEP or AEP within I, it is an equilibrium po-
icy within the broader class of history-dependent policies as well.

We conclude this section by observing that if the sets Ai(s) (i=1,...,
; s€S) are convex gompact subsets of some linear metric space themselves, such
hat for all i = 1,...,N ri(s;g) is linear or even concave in the i-th com-
onent of a (cf. (1.6) and (1.7)) then the existence of a pure instead of a
andomized stationary a-DEP or AEP is guaranteed under the same conditicns

s follows from an examination of the analysis below.

. EXISTENCE OF STATIONARY o-DEP'S
In this section we prove the existence of a stationary o-DEP for each
e [0,

For each policy §Fw)

€ A, the total expected o-discounted return to

layer i, when starting in state s € S, is denoted by

2.1) UCARET D S N O SRS CTT OO
n=O teS

1e following lemma proves that V (6( ),s) is a continuous function on A

or all i = 1,...,N, s € S and a € [0,1):

IMMA 2.1, Fix s € S, 1 £ i <N and o € [0,1). Then V;(g(m);s) 18 continu-—

ts on A.

00F. We first observe that since A is metrizable, it suffices to show

1at limq_ \ (6( ), s) =V (6( ),s) whenever {§n}oc > 8§, with én € A,

n=1

X a sequence {§ 3”7 with lim § = § and note that § ¢ A, in view of
-n n=1l n>e -n = - =

te compactness of A. Let M be such that
.2) irl(sgg)! <M for all s € S, and a ¢ C(s).

: 1s then easily verified that
, () _ ()
.3) iV (n :s)y| < M/(1-a) for all n € A and s € S.
Shortly after completing this paper, I became aware from a recent bibli-

ography of a report by IDZIK [14] in which similar existence results for

a~-DEPs seem to be obtained.




Next, observe by complete induction that as a consequence of (1.8)
is continuous on A for all s,t € S and k = 1,2,... . This, in turn,

es using proposition 18 on p.232 in ROYDEN [18] that for each

slasen

. ¥4 i _ £ i
lim [ PT(8 ), v (e38 () = J P8, r(r38()).
n->-e
. ' K k
ly, pick € > 0 and choose K such that o < e(l-a)/4M. Let Hn(s) =
1 2 £ i _ —
0 zteS P (D)st T (t,Dﬂt)) for all k = 1,2,... and n € A.

ve that for each n € A:

i) + 0] P

—"st
teS s

Vo™

;s) Vi(ﬂﬁw);t),

ew of (2.4) there exists an integer NO such that IH% (s)-Hg(s)] < e/2,
11 n = NO' We thus obtain that for all n 2 NO: o -

vhe{? 50 - el < g (o) - Ei)]

R ORI G CARETS IR N AN (O W A CARF TSN
teS teS
/2 + e(l-0) 2M 0

4M (1-¢g) - e

We now turn to the existence of an o-DEP.

| compact, metric state space and under somewhat stronger continuity
ptions with respect to the one-step expected rewards, and transaction
tbility functions, the existence of an o-DEP was first proved by SCBEL
. Unfortunately there seem to be a number of serious errors which in-
late the approach. Although with a considerable amount of additional

, the proof in [23] can be rectified for the case of a denumerable

> space we prefer to give a different proof.
Our approach uses an extension of the Kakutani fixed-point theorem

, was obtained independently by GLICKSBERG [11] and FAN [9]. First, for
compact set U let ZU denote the class of all (non—empty) closed sub-
of U. A point to set mapping &: U ~ 2U (with U satisfying the first

:ability axiom) is said to be upper semi-continuous, if for each




[ee)
equence {x } x e U:
n n= n

1’

2.6) {x 1}

nmﬂ*xs%€@ﬁg,wgﬁl+y$ye®ﬁx

IMA 2.2. Given an upper semi-continuous point to convex set mapping
: U~ U of a convex compact subset U of a linear Hausdorff locally convex

)pological space into itself, there exists a point x € ®(x). [

Observe from the analysis in section 1, that XseS F(C(s)), the space
£ all functions f mapping each state s into a N-tuple of (finite, signed)
:asures fS € F(C(s)), endowed with the product topology is again a linear
wusdorff locally convex topological space, with A, the countable topologi-
1l product of the spaces M(C(s)) (seS), a metrizable subspace which is in
ldition convex and compact, as a consequence of Tychonoff's theorem. The
(xed point theorem in lemma 2.2 will be applied by constructing a point
> set mapping on A, as a subspace of XseS F(C(s)).

We finally need the following lemma, the proof of which follows from

1. 6-f in BLACKWELL [5]:

IMMA 2.3. Fix 0 < o < 1. 4 stationary policy §ﬂm) = [Sl(m),...,éN(m)] 18
1 o=DEP, Zff Vé(§‘w);s) satisfies the optimality equation:
.7 V;(gfm);s) = max {rl(s;[é_l(s),uj) +
neM(At(s))
+ Z q ([6_1(5),U]) Vl(d(w);t)}
teS st o —
w all s € S, i =1,...,N.
[EOREM 1. There exists a stationary o-DEP for each o ¢ [0,1).
O0F. We first observe that for each § € Aand i =1,...,N there exists,
i a result of (1-8) an n € A such that for all s € S:
.8) P30T @D e ] a6 ) n() ) v e - :
teS
= max (N0 e o 6 e, v 0.

neM(At (s)) te$




ayi=1,...,Nand § € A, let @1(§) denote the set of all n ¢ A' that

fy (2.9) for all s € S, and define the point-to-convex set mapping
o: A > zé:§.+ 3(8) = X§=1@1(§)_

xt show the upper-semi-continuity of this point-to-set mapping. Fix

m } . wi i = §: 1i =
_1° Jln}n=1 with (1) §n’ n € A, (2) 11mn+m én 83 llmn+m n, =M and
e 9(8).
2 n , i
itute §  for S and n_ for n in (2.8) and let n tend to infinity. It
follows that n' satisfies (2.8) for 8, and this for all i = 1,...,N and
, as a consequence of (1.8), lemma 2.2, the boundedness of V;(§éw);s)
roposition 18 on p.232 in ROYDEN [18].
As a consequence of the upper—-semi-continuity of ¢, and the fact that
a point-to-convex set mapping of a convex compact subset A of the

r Hausdorff locally convex topological space X F(C(s)) into itself,

seS
llows from lemma 2.2 that there exists a § € A such that 8% ¢ @(Qf)

implies (2.7) and hence proves the theorem (cf. lemma 2.3). [

E EXISTENCE OF AVERAGE RETURN EQUILIBRIUM POLICIES (AEP'S)

We first introduce the following notation:
ny § € A we define the matrix P*(ﬁ) as the Cesaro limit of the sequence
)}:=1. For each pair of states s,t € S, we denote by ma(s,t) the mean
passage time, i.e. the expected number of transitions needed to get
state s to state t, under policy é‘w) € A. Let R(§) denote the set of
rent states under P(§) and recall that a state t € R(S) is positive
rent if and only if P*(é)tt > 0. For each state s ¢ R($), let A(S) 21
e the period of the subchain (closed, irreducible set of states) to
state s belongs, and if R(S) # @ let A(§) be the least common multi-
f the periods of the different subchains (which may be infinite). We
define for each pair of states s,t € S; each policy § € A and
senesr(8):
f:t(rgg) as the probability that the system under P(S) will ever reach

t in the course of the tranmsitions rj; A(§) + r; 2A(8) + r,... when




tarting in state s. Note from th. 4 on p.31 in CHUNG [6] that for each
€ A and s,t € S:
A(8)+ A(8) £ (r38) P(8) . if t e R(S)

3.1) lim P 7T (_§_)Sr = { D ter 2 — tt t € R

N-oo ] 0 otherwise.
f P(S8) has a single subchain the states of which are recurrent, let
Cm(§) | m=1,...,A(8)} denote the set of cyclically moving subsets
c.m.s.) of this recurrent class which are numbered in such a way that for

aym = l,...,x(6):
3.2) s € Cm(é) = P(é)st >0 only if t e Cm+l(§)

ith the convention that the superscript m in Cm(g) is taken modulo A(S).
ote that the sets {Cm(é) | m = 1,...,A(8)} are the subchains of the matrix
Y8 (5). Finally let £(s;r,c™(8)) with s € S, myr = 0,...,0(8) - 1 indi-
ate the probability that the system will eventually be absorbed in Cm<§)

1 the course of the tramsitions r; A(§) + r; eA(§) + r;... when starting

1 state s. We recall from th. 3 on p.31 in [6] that for all § <A and seS:
3.3) £ .(r38) = £ (s31367(8) for all t e C™(8) and m = 1,...,A(8).

inally if the single subchain of P(8) is a positive recurrent class there
¢ists a unique stationary probability distribution w(§) such that
ko,
{é)st = ﬁ(ﬁ)t for all s,t € S.
Next we introduce a number of recurrency conditions, each of which

i1l be shown to guarantee the existence of an AEP.

. For each § € A, P(8) has a single subchain. In addition there exist
integers, v,d = 1, a number p > 0 and for each ¢ € A a nonnegative mat-

rix Q(S) such that for each subset A < S:

nd _ _[n/v],
3.4) [ch @, - o 3 < (-p) ; seS

where [x] denotes the largest integer less than or equal to x.




11

'here exists a number R such that for each player i = 1,...,N and for
ny combination of stationary policies {6],...,6i_1,6i+1,...,6N} of
‘he other players, there is a policy Gi € Ai for player i, for which
he mean first passage time mé(s,t) from any state s to any state t,
nder policy § = [61,...,5N] is bounded by R, i.e. for each

61,...,61—],61+],...,6N} with 63 ¢ A for all j # i, there exists a

t € Al such that

ma(s,t) <R for all s,t € S where § = [6],...,6N].

rst exhibit a number of properties that follow from assumption Al:

. 3.1, Assume Al holds. Then

. Zs a multiple of the period \(8) for each § € A.

'or each § € A the unique subchain of P(S) is a positive recurrent class.
'or each § € A and r = 0,...,d-1 there exist nonnegative matrices

5y with 0'9(8) = (8)) such that for each subset A < S:

B {Pnd+r(§_) _ Q(r)@)st}] < (1_p)[n/v]; s e S

teA st
here
(r) _ 0 - for all t ¢ R(3)
Q (é)st - * m m,
A(S)E (s3r3C (§))ﬂ(§)t for all teC (8), m=1,...,d.
or each § e Aand r = 1,...,A(8):
A(S)
Z f*(s;r;Cm(E)) = 1 for all s € S
m=1

REONERE (1-py [/ v-d]

. for all s ¢ Sand m = 1,2,.
teR(9)

*(_5) = lim _ 1/2(8) Zii%) Pnk(é)ﬂ’(g) and P*(§_) depends continuously

. . * _ *
neéed, Z.e. for all s,t € S lim, P (éi_)st_P (g)stwheneuer {§£}+{§}.




.O0F.

.) follows immediately from (3.1) and the fact that for each pair s,t € ¢

lim Pnd(é) exists.
n->o —st nd

) By choosing A = {t} in (3.4) we obtain that 11mn_>o° P (é)st = Q(§)St
for all s,t ¢ S; and by choosing A = S in (3.4) it follows that
Lies QO =1 for all s « s.
Assume to the contrary that the unique subchain of P(§) contains tran-
sient or null-recurrent states; we then obtain in both cases, in view
of part (a) and (3.1):

d

(8) . =0

L= ) Q@ = I 1m ™)

teS teS n>
thus proving part (b) by contradiction.
) For ¥ = 0 the assertion follows from the fact that R(S) is a single
positive recurrent class (cf. part (b)) and the combination of (3.1)
a4 nd
and (3.3) as well as the fact that Q(Q)St = 11mn_>00 P (é)st for all

s,t € S. Next, note that for r = 1,...,d and any subset A c S:

17 ) - T 0T PR .qee) 3] =
tZA — st tgA UZS —su " —ut

r nd <
RIRAOMPRCAONSTONE

[n/v] _ (n/v]

< ] PR®_ U-p) (1-p)

ueS
thus showing the existence of nonnegative matrices Q(r)(ﬁ) which satis-
fy (3.6). The explicit expressions in (3.7) then follow again from the
fact that R(§) is a single positive recurrent class, and the combina-

tion of (3.1) and (3.3).

) Note that |~ m(8) = 1/A(8) for m = 1,...,A(8) and use (3.7) to
teC (4)
conclude that for each s € S:
A (8)
1= ] W@ = ] a® ferd™e) ] n), -
teS - =1

teC™ (&)
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A

7~
|o»

) A(8)

%%g%-.f*(s;r;cm(g) = Z f*(s;r;Cm(é).
1 — m=1

i

I
| &~

he second assertion follows from (3.6) with the choice A = R($) and

he observation that ZteR(G) Q(r)(é)st =1 (cf£. (3.7)).

ince P7(8) = 1/A(8) Ziﬁ%)

f each of the matrix functions Q(r)(g) (r=1,...,d) on A. Fix s,t € S

Q(r)(g) it suffices to show the continuity

nd observe in view of (3.6) that we can fix n sufficiently large such

hat uniformly for all § e A, Pnd+r(§)st comes arbitrarily close to

(r)(§)st. Part (d) then follows from the continuity of Pnd+r

, for alln=1,2,... . 0O

(§)st on

ondition Al is of course awkward to check; however there are a number

f easily checkable and widely fitting recurrency conditions which im-

ly Al, such as:

1.1: There exists a finite set K, a positive integer n, and a positive
real number c such that zteK Pn(§) 2 c for all s € S and § € A.
In addition, for each § € A, P(Q) has exactly one subchain.

1.2: There is an integer v 2 1 and a number p > 0 such that for each

pair of states (SI’SZ) and for each § e A:

I min(’(®)_ ., 2'®_ ) =o.
t=1 °1 2
. * .
1.3: There exists a state s such that for each policy § € A, the mean
first passage time ms(s,s*) is finite and uniformly bounded in

s €8S, and § € A.

Both the first condition in Al.l as the assumption Al.2 are generali-
ns of the Doeblin condition (cf. e.g. DOOB [8], p.197) to a collection
rkov chains; the former was introduced by HORDIJK [12] as the simul-
us Doeblin condition, and the latter is an adaptation of a condition
duced in TIJMS [26]. We note that Al.2 with v = 1 is equivalent to
ondition that there is a number p > 0, such that for each four ele-

(sl,sz,gl,gz) with 5, # Sy and a e C(s]), a, € C(SZ):

2

) min{q_ _(a,), q_ .(a)} = o.
e=1 spE =177 Tspt 72




r, fix S1s8, € S and Hy € M(C(Sl)), U

nsequence of (3.9):

5 € M(C(sz)) and observe that, as ¢

.10) p <E )

Epoly ¢ mintag ¢(2))5 45 ((ay)}] =

1 1 2

- Z] By, oy Mg (@50, (2,03 < tzlmin{qsit(gl)gqszt(gz)},
ere the interchange of expectation and summation is justified by the non
gativity of min{qslt(gl),qszt(gz)}, and where the inequalitg part follow
om Jensen's inequality and the concaveness of min(.,.) on R°. Note fin-
ly that (3.10) coincides with the special case of (3.8) where v = 1. In
rkov Chain terminology, the condition (3.9) is known as the assumption
at for each stationary and pure policy g‘w), the associated tpm P($) is
rambling (cf. [1]) and has an ergodic coefficient of at least o.
sumption A3.2 is an adaptation of a condition introduced in ROSS[171].

Note that both under Al.2 and Al.3 the tpm P(S) of each § € A has a
ngle subchain, the states of which are positive recurrent. In a forth-
ming paper we will show that assumption Al.l implies Al and the fact tha
.2 is a special case of Al follows along lines with the proof of theorem
in ANTHONISSE & TIJMS [1].

Moreover in this same paper it will be shown that under the assumptio
at state s can be reached from any state s under any policy é‘m) € A4,
nditions Al, Al.l and Al.3 are equivalent; this of course implies in par
cular that Al.3 is a special case of Al as well.

We finally note (without proof) that under assumption Al, each one of

(=)

2 policies § € A satisfies the Doeblin condition.

For each a (0<a<l) we choose a specific a-DEP éu e A. Next we fix any

ate s* and define:
11) vi(s) = Vi(é(w)‘s)-vi(é(w)'s*) for all s ¢ S and i = 1 N
. o ot~ H a =g ) s 300 3iNe

MA 3.2. Both under assumption Al and A2, the family of functions {V;(°)

< a < 1} Zs uniformly bounded.
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F. Under condition A2, the uniform boundedness of {v;(-), i=1,...,N}

>ws from the proof of -th.12.8 in HORDIJK [12]. To prove the lemma under

ition Al, we show subsequently:

1), vyl s (), o T - .
!Va@a 58) =V (8. 738 )| < 4Mvd/p for all s,s'eC (8,0, m=1,..0,0(8 )3

a e [0,1).

IA

]V;(Qéw);s)-V;(§ém);s')| (4v+2p)Md/p for all s,s’ ¢ R(ga).

IA

lVi(éiw) -V, (6( ), s") | (6v+2p)Md/p for all se S\R(§a)and s'e R(ga).
that the assertion follows easily from the combination of (a), (b) and
for any choice of s” e s.

rove (a), fix a ¢ [0,1), 1 < i <N, 1 <r < A(ga) and s,s' € Cr(éa).

\ = A(gu), and for any scalar a, let a+ = max(a,0) and a = max (-a,0).
rve that for each n = 0,1,... and m = 1,...,A there exist two sets A+

\" with A+,A_ < 8 such that for each s € S:

nd+m _ a(m) £
2) tZS 2 C TP A TP I
B nd+m _ A(m) < (1-.y[n/v]
- tg%ii{P (Blge = B = (170

+
2 the inequality follows from (3.6) with the choice A = A", Using the

that Q(m)(ga)S (m)(G ) for all t € S, m=1,...,d as well as
aquality a = at - a and the fact that lr (t;a)| < M for all t € S,
2(t) and i = 1,...,N, we obtain:
i, (=) PRONE ¥ 7 . i
V(8" 758) - V(8 Y < | Y ) o ) r(r;s (v)).
a a o
m=1 n=0 teS
nd+m nd+m
P (éa)st P (éa)s't}] 8
A T n nd+m (m) +
< |3 7 o™ 7 rtess O IS ¢ TP IR A ¢ IO TR A
m=1 n=0 teS

A oo
o nd+m _ ~(m) -
+ lmzl HZO tgs ri(ess, (). (2" ), - a1+




()

’y o

I I D S CT I C DI e S C I SR RN CID A
m=1 n=0 teS
)y o
n i, . nd+m _ ~m) - Mvd
D D N N S CH CODIEE Saia TP JEURE N A €V JPR AN s
m=1 n=0 teS
nere the last inequality follows from (3.6).
To prove (b), fix s ¢ Cs(ga) and s' € CY(§Q) such that ¥y -= B = m (mod-
lo A). Note that in view of (3.2) and using part (a):
: e m .
e - vie e < T o8 T it es el Pty ¢
o = f=1 £eS o a’ st
€
m i, .() (=)
+ o ) [Vo(s* 75t) - v(é ;s")| P(S )
£eCY (s ) o =a a’st
=0
+ (1-d™) IVi(§§w);s')] <
< mM + 4Mvd/p + (l+oc+...+0Lm_l) M < (4v+2p) Md/p.

Next, let T be the Markov time, defined by T = inf{n | s € R(éu)}

1ere {sn}:= denotes the Markov chain associated with the policy Qém).

1
sserve from lemma 3.1, part (d) that Et < vd/p, such that using (b) we ob-
ain for all s € S, and s' «¢ R(§a):

" (6( )

IN

9 =il 5] of T irbess enl s +

T =1 teS

vt ] vics

teR(éa)

o - vieen ] PRy ¢

-+

(=" v s

T—l}

IA

Et.M + (4v+2p) Md/p + M ET{1+a+...+u

<

IA

(6v+2p) Md/p

a1ich proves (c). O
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We now prove the existence of an AEP, making use of a technique intro-

by TAYLOR [25], and used inter alia in ROSS [17].

EM 2. Suppose that Al or A2 holds. Then there exists a stationary AEP
e A, and for each player i = 1,...,N a constant g’ and a bounded func-
v'(+) such that '

) gevie = max RIS+ ] a (87 wDvE ),
neM(At (s)) t=1 °

for all s € S

' éi(s) attains the maximum on the right-hand side of (3.13) for all se8S.
wer, gl(gﬁw);s) = gl, for all s e S, i=1,...,N.

. We first observe that I(l-a) V;(Qéw);s*)l <M for all o € [0,1) and
5..+3N. This together with lemma 3.2 and the fact that for all s € S,
equence of points in the compact metric space M(C(s)) has a convergent

.quence, imply, using the diagonalization procedure, the existence of N
ants gl, N bounded functions vl(-), a policy é‘w)

=1

€ A and a sequence

, with a. ¢ [0,1) and 1imk+m a = 1, such that:

k
imk—>oo éak = 8.

. i ()

i (1-a, ) vt © ;8
mk—>o° ) k ak.—ak
imk+m v; (s) = vi(s), for all s ¢ S, i =1,...,N.

k .
fix 1 ¢ {1,...,N}, and s = s, € S and subtract V; (s*) from both sides

* i,
) =g ,1i=1,...,N.

0
.7) with o = o s and s = 59> in order to obtain (cf. (3.11)):

y vt s = max {ri(s;lsTi(s),ul) - (1-a) VI (s) +
ak 0 ueM(Al(sO)) 0 —ak 0 k o

-1 i
quOt([éak(SO),uj) vak(t)}

+
e~ 8

t

: Gék(sc) attains the maximum on the right-hand side of (3.14). Letting
d to infinity in (3.14) we obtain (3.13) with 61(30) attaining the

wm on the right-hand side of (3.13), as a consequence of (a), (b) and



), (2.1) and proposition 18 on p.232 in ROYDEN [18].
Next, it follows from th. 6.17 in ROSS [17] that policy é(w)'is an AEP

d that gl(éﬁw>;s) = gl for all s e Sand 1 = 1,...,N. O

e proof of theorem 2 also shows the following corollary:

ROLLARY 3.3. Ifetther Al or A2 is satisfied, then each limit policy ob-—

ined from a sequence of «-DEPs with discount factor tending to one, is an

P. gd

We conclude this section by observing that the existence of an AEP was

cently proven under assumption Al.3 in STERN [24].

. note in addition, that condition Al1.3 can be weakened as follows:

.3': For each policy_g(m) € A there exists a state Sss such that the mean
first passage time 96(5’36) is finite and uniformly bounded in se S,
andlg(m) € A.

The fact that under Al.3' the family of functionms {Vi(') l 0 <o <1}
uniformly bounded, follows from the proof of th. 6.29 in ROSS [17], such
at theorem 2 and hence the existence of an AEP, applies to this condition

well.

STOCHASTIC GAMES WITH A FINITE STATE AND ACTION SPACE

In this section, we finally consider the N-person stochastic games
th finite state and action space, as studied in ROGERS [6] and SOBEL [21].
We first need the following supplementary notations:
£ AN(s) = {1,... K ()} and let 6.,
‘obability with which the kth alternative (lsksKl(s)) is chosen by player

for any policy § € A, denote the

when entering state s e S.
For any policy § ¢ A, we define the fundamental matrix Z(§) = [I—P(§)+
(§)]_l and for each i = 1,...,N the bias-vector w1(§) by (cf. BLACKWELL

1) e
WHe) = I, 2o [e(essen - gt 500,

()

Observe that for each § ¢ A, gl(§_ ;8) = Et P*(§)St rl(t;gﬁt)) for
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.=1,...,N, s € S, and that: (cf. [3])

. i,,(®) . .
1, (e 8 ; i 1 . .
va(g( )is) = g—(—-l-:oT’—sl + W (8)  + 0 (a38), for all i = 1,...,N,

s eS8, ae [0,1),

: |oi(a;§)sl decreases monotonically to zero as a + 1.

Denote by n(§) the number of subchains (closed, irreducible sets of

s) for P(S) and let Cm(g) indicate the mth subchain (l1<ms<n(§)). Finally,
ép < A denote the finite set of pure and stationary policies and define
SCHWEITZER & FEDERGRUEN [201]):

) R* = {s |s € R(8) for some policy § e ép}’

set of states that are recurrent under some pure policy.

Although the existence of an o-DEP is always guaranteed, it is known
a well-known counterexample by GILLETTE [10] that even in the two per-
zero sum case an AEP does not need to exist when for some of the poli-
.Q(m) € A, P(8) is multichained (i.e. n(§)22). This seeming contrast
the Markov Decision Processes (MDPs) with finite state and action

> is explained by the fact that in stochastic games, as distinct from
former, an essential use is made of the set of all randomized actioms,
2as in addition the above result perfectly corresponds with what is

1 to be the case in MDPs with a finite state space, but arbitrary com-—
action space (cf. BATHER [2]). Under the assumption that for each

€ ép’ P(8) is unichained, the existence of an AEP was first proved in
RS [16] and SOBEL [21]. Moreover, in SOBEL [22], as a still stronger
arty, the existence of a (g,w)— or bias—equilibrium policy éf € A was

ted, which we believe should be defined as an AEP §f, for which:

i, .% i . -1, % *
) w (é_)szzw (D)S for all i=1,...,N, seS and nel (§_)r}HAEP(§_)

[t%)

*y i _ i
HAEP(_é_) {_rleﬂl g (ﬂ)s g (g)S for all se S}




the definition 3 in [21] does not extend the (g,w)-optimality notion in
arkov Decision Theory; moreover, with the definition in [22], a (g,w)-op-—
imal policy does not even need to exist in the case N = 1, i.e. in the
ase of an MDP).

In SOBEL [22], the question of the existence of a (g,w)—equilibrium
olicy was treated using the Brouwer fixed-point theorem with respect to

he point-to-point mapping ¢: A ~ A, with for all i € y, s € S and k € A:

i _ 1 i i
(D g = G * 05, /(1 + ng b5p ()

aere
b = ag * b * cge
nd
L= -i NGO PN CON
1) al, =max{0, ] q_ ([8 (s),k]) g (8" "5t) - g (5" "3},
sk st — —
teS
. i
. 0, if XS zk aSk > 0,
1
) b =
sk i - i
max{0,r" (306 "(s),k]) + ] q_ ([8 “(s),k]) w (8) -
- gi(g(w);s) . wi(§)s}, otherwise.
. i
i . 1t 2s zk 3k 7 0,
) Csk -

max{0, Zt qst([é_i(s),k]) Zi(é)t - wi(g)s - zi(§)s, otherwise.

1ere zi(é) = —Z(§) wi(g).

Unfortunately, the mapping ¢ may be discontinuous in §, since the
Ek(é) can be discontinuous in those § that satisfy, for all i = 1,...,N,
,e S the functional equation:

(=)

v 4) g'(g_m ;) = max ) (15" s, k) gi(g

keAl (s)

q 3t),

t 'st
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he functional equation (4.5)

(«)

cs) = max  {ri(s;[6 T(s),k]) +

) W8+ gl
S keal(s)

-i i
+ 1, a,, (L8775 (e) kv’ (&) 1,

for which, in any sphere in A containing §, policies n can be found

do not satisfy (4.4) (or (4.5) respectively). (As an example consider
MDP with S = {]’293}9 A= {]92,3}9 q“(') = qzz(’) =13 q3l(l) = Q31(2)=
q32(3) =1; r(l,s) = 1; r(2,+) = 0; r(3,1) = -M; r(3,2) = r(3,3) = 03

2 M >> 0. Let 6X denote the policy that chooses action 1 in state ! and

th probability one, and in state 3 with probability x, whereas in state

tion 3 is chosen with probability l-x. Observe that ¢;2(6) is discon-

Jus in 61.)

While under the assumption in SOBEL [22] that P(8) is unichained for
y policy & € ép’ the proof in [22] can be rgctified %n order to show
existence of an AEP (merely by rectifying @:k(ﬁ) = b;k since in this

only criterion (2) is needed), we observe that this result follows im-—
ately from theorem 2 and the observation that with S a finite state
e, the simultaneous Doeblin condition, and hence assumption Al.l is
natically satisfied.

We note tliat in both the counterexamples (to the existence of an AEP)
ATHER [2], example 2.3 and GILLETTE [10], the matrix P*(é) is discon-
ous in § € A.

In this section we show in fact that the existence of an AEP is guar-
ed, if either P*(g) is a continuous (matrix)-function on A, or if thé
ov Decision Process that results for any player i ¢ {1,...,N} when the
r players have chosen some stationary policy, is a communicating system

BATHER [2] and condition B.2 below). Moreover we show that the former
erty is met under condition B.! below which is an assumption upon the
n structure of the pure (stationary) policies.

In addition, the approach used in this section has again the advantage
howing that AEPs appear as limit policies from a sequence of a-DEPs

discount factor o tending to one.

Let §1,...,§L be an enumeration of ép’ and consider the following




'2
:quivalence relation on (cf. SCHWEITZER & FEDERGRUEN [20], proof of Th.3.2):

C = {Cm(gf) | 1 <r <131 m < n(ﬁ?)}.

IA

Let C ~ C' if there exists {C(]) = C,C(z),,,_,c(n) = C'} with c(l)e C,

ind C(l) n C(1+1) # @, fori=1,...,n"1.

Lec ¢t .. ¢
*
et R*(I),...,R*n be the corresponding partition of R (cf. (4.2)):

be the corresponding equivalence classes on C, and

¥

. m,.T
U m,r) | em(sTyectC )
The following lemma shows that under assumption B.!, all policies in

\ have the same number of subchains, i.e. n(8) is constant on A:

)

3.1, Every (pure) policy § ¢ ép has exactly one subchain within each R s
*

£L=1,...,n .
EMMA 4.1. If B.1 holds, then all the policies in A have the same number
f subchains.

'ROOF. Fix §p € A. We prove that P(QP) has exactly one subchain within
*(ﬂ) (/K= 4

1) r(sY) < RS
, . 0, . . . * (L)
2) any subchain of P(§") is contained within one of the sets R H

* (L)

l,...,n ) by showing subsequently:

'3) in every one of the sets R there is exactly one subchain of P(§?).
1) and (2) follow immediately from parts (a) and (c) of Th. 3.2 in [19],
;o that (3) remains to be shown. '
Fix £ (ISESn*) and assume first that R(§p) n R*(K) = . It then fol-
ows from Lemma 2.2 in [20] that there exists a pure policy n € A , with
t(n) E.R(ép)’ such that R(n) n R*(E) Finap

ierve that for any pair d],§2 € ép’ the subchains of §] and §2 that are

*(L)

= @, contradicting B.1. Finally, ob-

must intersect, since it would otherwise be possible

* (L)

:ontained within R

‘0 construct a §3 € ép with two subchains within R , contradicting B.l,

md verify that this property implies that P(8) cannot have two or more

*()

wubchains within R
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\RK. Assume that every policy in ép is unichained (cf. SOBEL [22],
‘RS [16]) and observe that this assumption implies for any pair (§1,§2)€
, that their subchains must intersect, so that all the subchains in C

. . *
mg to the same equivalence class, i.e. n =1,

It hence follows that the assumption in SOBEL [22] and ROGERS [16] is

3 . 3 *
ittical with the special case of B.l1 wheren =1,

We next introduce assumption B.2:

For every i € {1,...,N}; for every pair of states s,t ¢ S, and for
every combination {6j e A | j# i} of the other players, there is a
policy Gi € A for player i and an integer £ such that P(g)ﬁt > 0,
which can be seen as an extension of the communicatingness-property
(cf. BATHER [2], HORDIJK [12]).
s easily verified (cf. BATHER [2], part II, p.526) that under assump-

. B.2 the seemingly stronger condition (4.6) is satisfied.

) for every i € {1,...,N} and for every combination {Gje INEES;
of the other players there is a policy 6i € A for player i,
such that P(8) is an irreducible Markov Chain, where § =
= sl,...,60.

g the fact that in an irreducible Markov Chain the mean first passage
from any state s to any state t is finite one concludes that B.2 is in
the relaxation of assumption A.2 to the finite state space model.
Theorem 3 below proves, under B.l as well as under B.2 the existence

n AEP.
REM 3. There exists a stationary AEP, if either B.l1 or B.2 holds.

F. Assume first that B.l holds. Fix i = 1,...,N, s ¢ S. It follows
Lemma 4.1 that n(§) is constant on A, and hence from Th. 5 in

EITZER [19] that P*(g) is continuous in § € A, which in its turn in-
s, by their very definition, the continuity of gi(éfw);s) and wi(g)s
e A.

We first fix an o-DEP éa € A, for each a ¢ [0,1).




Inserting (4.1) into both sides of (1.8) and multiplying both sides

>f the resulting inequality by (1-a) we obtain for all n e A

@7 gt e ¢ ma) v, ¢ (1m0) o (ass ) 2

i

[\

g (75,01 58) + (1ma) wHCsTEn) |+ (1m0 ol (asle] ,nD)

It next follows from the fact that A is a compact metric space that

»ne can find a policy _f(w) e A, and a sequence {ak};=1, with o € [0,1)
*
and 1i a, = 1, such that 1i § =06 . We further show:
Moo Mg roo o
(4.8) lim (1-0,) 07 (0,36 ) =0 = lim (1-a ) o (a ;L8 ",nl) .
Koseo k k o s K300 k k o s

Merely proving the first equality in (4.8) (the proof of the second
»ne being analogous), we observe that for each a ¢ [0,1), oi(a;g)s is con-
:inuous in § € A, as a result of Lemma (2.2), relation (4.1) and the con-
cunuity of gigg(m);s) and wi(g)s in 8§ € A.

(4.8) then follows from the fact that for any n € A, [(l—a) oi(a;ﬂ)s|
lecreases monotonically to zero, as o - 1, using e.g. Dini's Theorem (cf.
0YDEN [18], p.162).

Finally, let k tend to infinity on both.sides of (4.7)'with a=a,
ind use (4.8) as well as the continuity of gl(gﬁw);s) and wl(_§_)S in § € A,
in order to obtain:

() i

4.9) gl(§f 38) =2 g ([6*_1,n](m);s), for all i = 1,...,N;

s € S and n € Al.

Consider next the '"decision problem'" that arises when all players but
ylayer i tie themselves down to their respective policies in Qf, and ob-
serve from (4.8) that in this decision problem, S*i is a maximal gain pol-
.cy to player i within A. It then follows from Theorem 2 in BLACKWELL [4]
‘hat &% is also optimal within Hi. This proves the theorem under B.I,
thereas the existence of an AEP under B.2 follows immediately from Theorem

's B.2 being the relaxation of A.2 to the finite space model.,K []
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We finally turn to the question‘under which condition(s) a pure in-—

. of a randomized AEP exists, for every choice of the one-step expected
ds ri(sgg).

So far the only stochastic games known to have this property are the
l1lled two person-zero sum games with perfect information, in which in
state of the system one of the two players has not more than one al-
tive.

The existence of a pure AEP for this class of stochastic games was

. treated by GILLETTE [10]. Unfortunately an incorrect extension of
lardy-Littlewood theorem was used, as has been pointed out by LIGGETT
'PMAN [15].

The existence of a pure AEP, and, as an even stronger result, the
.ence of a pure bias—equilibrium policy may, however be derived from
‘act that a pure stationary o-DEP exists for each a ¢ [0,1), where the
r has already been proved by SHAPLEY [211.

6*2)6

Since A is a finite set, we can therefore find a policy.§*= (6*],
and a sequence {an}:=l’ with o+ ;, such that §f is an ?n—DEP for
‘,2,... . Let r(s;a) = r (s3a) = -r (s3a) and V,(n;3s) = Va(ﬂjs) =
;(Dgs), and observe that Va(ﬂgs) = Zt[I—aP(D)];i r(t;n(t)) is a ratio-
‘unction in o for all n € ép and s € S.

Since Va([nl,d*zj;s)-va(gf;s) agd Vu([d*l,nz];s) - Vu(gf;s) are also
mal functions in o, for all n ,n” € A and s ¢ S, and hence are either
'ically zero or have a finite number of zeros, there exists an

nz,s) such that, for ali a > a(nl,nz,s):

*2];5) < Va(d*;S) < Va([é*l,nz];s),

1
Va([n , 8
» S and Ap are finite, we thus obtain an o” such that Qf is an «~DEP
11 o > o*. It then follows by comparing the Laurent series expansion
. 1 2
0L(_<§_*) and Va([n ,6* 1) as well as the one of Va(§f) and Va([ﬁ*l,nzj)
ﬁf is a bias—equilibrium policy, and more generally an equilibrium

y under all of the sensitive discount optimality criteria (cf. MILLER

NOTT [15al).
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REMARK. The proof in LIGGETT & LIPPMAN [15] for the existence of a pure
\EP is more complicated than the one ébove; moreover, it requires an addi-
-ional argument. More specifically, instead of th.5 in BLACKWELL [4] we
1eed the stronger result that in each Markov Decision Model there exists a
liscount factor o such that any policy that is a-optimal for some o > o
is a-optimal for all o > u*, which is immediate from the proof of th.5.
Relation (5) in [15] should be adapted in this sense.

One might wonder whether the existence of a pure AEP is also guaran-
teed in the case of two-person, nomgero—sum, or even more generally in the
zase of N-person games with perfect information. The following two-person
zame is, however a counterexample, which is due to VRIEZE & WANROOIJ [28].
et S = {1,2} and A' (1) = A%(2) = {1,2} with A%(1) = A'(2) = {I}. Let
2(15(1,1)) = £1@2;3(1,1)) = 1 and £2(13(2,1)) = r' (2;(1,2)) = -1, the other
rewards being zero, and let
qll(l,l) = q21(l,1) = 2/3 and q1](2,1) = q2](1,2) = 1/3.
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